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Distributions and Inference 



Normal distributions 

 Characteristics of a normal model 

 

– The shape is unimodal, symmetric, and mound-shaped. 

– The mean is equal to the median. 

–  A normal model is continuous, although it is often used to approximate a 

discrete distribution  

–  The shape, center, and spread of a normal model can be quickly given by 

writing      N(μ,σ ). 



Empirical Rule (68-95-99.7) 

 About 68% of the area is in the interval (μ −σ ,μ +σ ), or within 1 

standard deviation of the mean 

 About 95% of the area is in the interval (μ − 2σ ,μ + 2σ ), or 

within 2 standard deviations of the mean 

 About 99.7% of the area is in the interval (μ − 3σ ,μ + 3σ ), or 

within 3 standard deviations of the mean 



Standardizing (creating a z-score) 

 A z score tells how many standard deviations above or below the 

mean a data point is. A z score of +1 means the point is one standard 

deviation above the mean. A z score of -2 means the point is two 

standard deviations below the mean. 

 Calculate a z score using this formula z = (x - µ ) / σ, where x is the 

specific value of interest in the distribution. 

 Z scores make it possible to compare quantities measured on different 

scales, such as SAT scores and ACT scores. 



Finding probabilities using a 
normal model 

 Strategy: x → z→ P . 

 Sketch a normal model, draw a vertical line at the x value, and shade 

the area of interest. 

 Take the x value and find the z score using the formula. 

 Then look up the z score on the normal table to find the probability 

below (to the left of) the line.  

 If you want to find the area to the right of the line, subtract the P value 

off the table from 1. 

 If you want to find the area between two lines, find the z scores for 

each x value, look up P values on the table for each z score, and 

subtract the P values. 



Finding an x-value given a normal 
probability 

 Strategy is P→ z → x. 

 Sketch a normal model, draw a vertical line where you think the x 

value will be, and label the area/probability you have been given. 

 Remember, the table lists the area to the left of the line. If you have 

been given an area to the right, subtract from 1 to get the area on the 

left. 

 Find the P value inside the chart and move outwards to read the z 

score. 

 Plug the z-score as well as the mean and standard deviation into the 

formula and solve for x. 



Sampling distributions and the 
Central Limit Theorem (CLT) 

 Consider taking many (theoretically, all possible) samples of size n from 

 population. Take the average x of each sample. All of these sample 

 means make up the sampling distribution, which can be graphed as a 

 histogram. 

 The mean of the sampling distribution is the same as the mean of the 

 population: μ = μx 

 The standard deviation of the sampling distribution gets smaller according to 

 this equation:σx  = σ /√n 

 The Central Limit Theorem states that as the sample size n increases, the 

 sampling distribution becomes more normal (regardless of the shape of 

 the population). In practice, if n ≥ 30, we assume the distribution is 

 approximately normal. 



CLT example 

The amount of dirt loaded into a dump truck varies normally with a mean 

of 750 pounds and a standard deviation of 40 pounds.  

 

A)  Find the probability that a randomly chosen truck would hold over 

 800 pounds of dirt.  

 

B) Find the probability that the average weight in a random sample 

 of 5 trucks would be over 800 pounds. 



MC Practice #1 

If heights of 3rd graders follow a normal distribution with a mean of 52 

inches and a standard deviation of 2.5 inches, what is the z score of a 3rd 

grader who is 47 inches tall? 

 

(A) -5 

(B) -2 

(C) 2 

(D) 5 

(E) 26.2 



2 

Suppose that a normal model describes the acidity (pH) of rainwater, and 

that water tested after last week’s storm had a z-score of 1.8. This means 

that the acidity of the rain 

 

(A) had a pH 1.8 higher than average rainfall. 

(B) had a pH of 1.8. 

(C) varied with standard deviation 1.8 

(D) had a pH 1.8 standard deviations higher than that of average 

rainwater. 

(E) had a pH 1.8 times that of average rainwater. 



3 

 In a factory, the weight of the concrete poured into a mold by a machine 

follows a normal distribution with a mean of 1150 pounds and a standard 

deviation of 22 pounds. Approximately 95% of molds filled by this machine 

will hold weights in what interval? 

 

(A) 1084 to 1216 pounds 

(B) 1106 to 1150 pounds 

(C) 1106 to 1194 pounds 

(D) 1128 to 1172 pounds 

(E) 1150 to 1194 pounds 



4 

Which of the following are true? 

 I. In a normal distribution, the mean is always equal to the 

 median. 

 II. All unimodal and symmetric distributions are normal for some 

 value of μ and σ. 

 III. In a normal distribution, nearly all of the data is within 3 

 standard  deviations of the mean, no matter the mean and 

 standard deviation. 

(A) I only 

(B) II only 

(C) III only 

(D) I and III only 

(E) I, II, and III 



5 

The heights of male Labrador Retrievers are normally distributed with a 

mean of 23.5 inches and a standard deviation of 0.8 inches. (The height 

of a dog is measured from his shoulder.) Labradors must fall under a 

height limit in order to participate in certain dog shows. If the maximum 

height is 24.5 inches for male labs, what percentage of male labs are not 

eligible? 

 

(A) 0.1056 

(B) 0.1250 

(C) 0.8750 

(D) 0.8944 

(E) 0.9750 



6 

 The heights of mature pecan trees are approximately normally 

distributed with a mean of 42 feet and a standard deviation of 7.5 

feet. What proportion of pecan trees are between 43 and 46 feet 

tall? 

 

(A) 0.1501 

(B) 0.2969 

(C) 0.4470 

(D) 0.5530 

(E) 0.7031 



7 

 Heights of fourth graders are normally distributed with a mean of 52 

inches and a standard deviation of 3.5 inches. Ten percent of fourth 

graders should have a height below what number? 

 

(A) -1.28 inches 

(B) 45.0 inches 

(C) 47.5 inches 

(D) 48.9 inches 

(E) 56.5 inches 



8 

 A large college class is graded on a total points system. The total points earned in a semester 

by the students in the class vary normally with a mean of 675 and a standard deviation of 50. 

Another large class in a different department is graded on a 0 to 100 scale. The final grades in 

that class follow a normal model with a mean of 82 and a standard deviation of 6. Jessica earns 

729 points in the first class, while Ana scores 90 in the second class. Which student did better 

and why? 

 

(A) Jessica did better because her score is 54 points above the mean while Ana’s is only 8 

points above the mean 

(B) The students did equally well because both scored above the mean. 

(C) Ana did better because her score is 1.33 standard deviations above the mean while 

Jessica’s is only 1.08 standard deviations above the mean. 

(D) Neither student did better; they cannot be compared because their classes have different 

scoring systems. 



9 

The distance Jonathan can throw a shot put is skewed to the right with a 

mean of 14.2 meters and a standard deviation of 3.5 meters. Over the 

course of a month, Jonathan makes 75 throws during practice. Assume 

these throws can be considered a random sample of Jonathan’s shot put 

throws. What is the probability that Jonathan’s average shot put distance 

for the month will be over 15.0 meters? 

 

(A) 0.0239 

(B) 0.4096 

(C) 0.5224 

(D) 0.5904 

(E) 0.9761 



10 

Heights of fourth graders are normally distributed with a mean of 52 

inches and a standard deviation of 3.5 inches. For a research project, you 

plan to measure a simple random sample of 30 fourth graders. For 

samples such as yours, 10% of the samples should have an average 

height below what number? 

 

(A) 47.52 inches 

(B) 51.18 inches 

(C) 51.85 inches 

(D) 52.82 inches 

(E) 56.48 inches 



Statistical Inference 

 Drawing conclusions (“to infer”) about a 

population based upon data from a sample. 

 

 Two types of inference: 

1. Confidence intervals (Estimates) 

2. Significance tests     (Reject or FTR)                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                          
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Confidence Intervals 

estimate)  theoferror  ndardvalue)(sta(criticalestimate



Confidence intervals estimate the true value  

of the parameter when the parameter is the 

true mean    , true proportion p, or true slope    . 



Confidence Intervals 



1 2 

1-sample t-interval for  

2-sample t-interval for 

Matched-pairs t-interval 

1-proportion z-interval for p 

2-proportion z-interval for p1 - p2  

t-interval for slope  

  

    





Interpret the confidence level: 

 

C% of all intervals produced using this method 

will capture the true mean (difference in means), 

proportion (difference in proportions), or slope.  

 

(Describe the parameter in context!) 



Interpret the Confidence Interval: 

 

I am C% confident that the true population 

parameter (state it: ICON p, μ, α, β AND 
WORDS) is captured by the Confidence 

Interval [  __ , __ ](insert units and context). 

 

Note:  C is the Confidence Level = the % 

of the time this process will work successfully 



Things to include when answering 
CI FR questions 

 Procedure / conditions 

 Mechanics 

– Only the final interval is required if you’ve 

correctly identified the procedure. 

 Interpretation 

– Be sure to clarify that you’re estimating the 

population parameter (true mean, true proportion) 

 
 

 



(2000) Question 6 

A random sample of 400 married couples was selected from a large 
population of married couples. 

• Heights of married men are approximately normally distributed 
with a mean 70 inches and standard deviation 3 inches. 

• Heights of married women are approximately normally distributed 
with mean 65 inches and standard deviation 2.5 inches. 

• There were 20 couples in which the wife was taller than her 
husband, and there were 380 couples in which the wife was 
shorter than her husband. 

(a) Find a 95 percent confidence interval for the proportion of married  

 couples in the population for which the wife is taller than her husband. 
Interpret your interval in the context of this question. 



Solution (2000 – Question 6, part a) 

 Assumption: SRS stated in problem  

   Large sample size since  

ˆ ˆ20 10 (1 ) 380 10  np n p    

Test Name (or formula) / conditions: 

1-proportion z-interval  



Calculations: 

Solution (2000 – Question 6, part a) 



Interpret the interval: 

 

 

I am 95% confident that the true proportion of couples 

in which the wife is taller than her husband is captured 

by the inteval [.028, .071], based on this sample. 

Solution (2000 – Question 6, part a) 



Significance Tests 

Significance tests provide evidence for some 

claim using sample data. 

 

 

test statistic = 
estimated value – hypothesized value 

     standard error of the estimate 



Significance Tests 

1-sample t-test for  

2-sample t-test for  

Matched pairs t-test  

1-proportion z-test for p 

2-proportion z-test for p1 – p2 

Chi-square goodness-of-fit test 

Chi-square test Chi-square test for 
homogeneity 

Chi-square test for independence/association 

t-test for slope 



1 2 





What is the P-value? 

The P-value is the probability of getting the   
observation in the sample as extreme or even more 
extreme from value of the parameter by chance 
alone, assuming that the null hypothesis is true. 

 

If the P-value is small (< alpha = .05), then we reject 
Ho.        P < α   REJECT 

 

If the P-value is large (> alpha = .05), then we fail to 
reject Ho .       P ≥ α   FAIL to REJECT  [FTR] 
 



Know your inference procedures 

 

Helpful web site: 

http://www.ltcconline.net/greenl/java/Statistic

s/StatsMatch/StatsMatch.htm 

http://www.ltcconline.net/greenl/java/Statistics/catStatProb/categorizingStatProblems12.html
http://www.ltcconline.net/greenl/java/Statistics/catStatProb/categorizingStatProblems12.html


Things to include when answering 
TOS FR questions  

 Parameter(s) / hypotheses 

 Procedure / conditions 

 Mechanics 
– Only test statistics (df) and p-value are required if you’ve correctly 

stated the procedure. 

 Conclusion 
– Statement 1 has to include p → α linkage and decision with 

respect to null hypothesis. 

– Statement 2 provides context. “There is sufficient evidence to 

suggest……..” or “There is insufficient evidence to suggest…….” 

 



(2000) Question 4 



Solution (2000) Question 4 



Solution (2000) Question 4 



Solution (2000) Question 4 



Solution (2000) Question 4 



Solution (2000) Question 4 



Solution (2000) Question 4 



Scoring (2000) Question 4 



Scoring (2000) Question 4 



(2003) Question 5 



Solution (2003) Question 5 



Solution (2003) Question 5 



Solution (2003) Question 5 



Solution (2003) Question 5 



Scoring (2003) Question 5 



Type I, Type II Errors & Power 

 Type I Error:  

    Ho is true, but we reject Ho & conclude Ha 

 Type II Error: 

  Ho is false, but we fail to reject Ho & fail to 

conclude Ha. 

 Power: 

 the probability of correctly rejecting Ho 



Type I, Type II Errors & Power 



How to increase power: 

 Increase alpha (level of significance) 

 

 Increase the sample size, n 

 

 Decrease variability 

 

 Increase the magnitude of the effect (the 
difference in the hypothesized value of a 
parameter & its true value  



(2003) Question 2 



Solution (2003) Question 2 



Solution (2003) Question 2 



Solution (2003) Question 2 



Scoring (2003) Question 2 



Scoring (2003) Question 2 



Scoring (2003) Question 2 



Scoring (2003) Question 2 



Reminders on Linear Regression 



Quantitative data  

 Remember that correlation and regression 

assess the relationship between 2 

QUANTITATIVE variables.  

 The Linear Regression t-test for Slope tests 

for an overall (population) relationship 

between 2 QUANTITATIVE variables. 

– The Chi-Squ Independence Test checks for a 

relationship between 2 CATEGORICAL variables 



Explanatory / response variables 

 The explanatory variable (x) is also known as 

the independent variable. 

– X explains the data 

 The response variable (y) is also known as 

the dependent variable. 

– Y responds to x 

– Y is dependent on x 

 



Descriptors for discussing a 
scatterplot 

 Form – linear? 

 

 

 Direction – pos/neg 

 

 

 Strength – strong/moderate/weak 



Variables 

 Coefficient of correlation (r) 

– Quantifies direction and strength of linear pattern 

(scatterplot) 

– -1 ≤ r ≤ 1         or        │r│ ≤ 1 

  Coefficient of determination (r2) 

– Percent of variation in y that is explained by least-

squares relationship between y and x 

 



Residuals  

 Residual is difference between predicted y-

value and expected y-value 

–         y  minus  y-hat 

 Residual plot assesses appropriateness of 

linear model  

– Pattern in residual plot suggests that linear model 

is not appropriate 



Slope  

 Slope quantifies the degree to which the 

response variable (y) changes for any 

corresponding change in the explanatory 

variable (x) 

– (change in y / change in x) 



Interpreting slope 

 Always cite the actual numbers in the ratio 

and the actual variables (context) 

 

– Slope  = 2/5  

– “Pulse rate (y) increases 2 bpm for each 

corresponding increase of 5 lb of body weight (x).” 



Y-intercept 

 Recall that the y-intercept is the constant in 

the LSRL, or the value of y when x = 0. 

 

– In the equation:  y-hat = -0.25x + 12 

 -0.25 is the slope 

 12 is the y-intercept 



Interpreting the y-intercept  

 The y-intercept can often have a very 

meaning real-life interpretation. 

 For the equation 

– Pulse rate = 0.12 walking speed + 45 

– 45 would be the resting pulse rate (x = 0) 


